MATH 579 S26, Half-Exam 3 Solutions

1. Compute, with proof, A(n® 4+ n%), for a € Nj.
Since A is a linear operator, we can compute each part separately, then add.
We have An®* = (n+ 1) —n" = (n+1)(n+2)---(n+1+a—-2)n+1+4+a—
I)=nn+1)n+2)---(n+a—-1)=mn+a—n)(n+1)n+2)---(n+a—-1)] =
alln+1)(n+2)---(n+a—1]=aln+1)*"
We have An% = (n+1)2—nt=n+1)(n)---(n+1—a+1)—nn—-1)---(n—a+
2(n—a+1)=((n+1)—(n—a+1))[(n)---(n—a+2)] =al(n) - (n—a+2)] = an®=L.
Combining, the answer is A(n® 4+ n%) = a(n + 1)* T + an=L,

G(n)AF(n)—F(n)AG(n )

2. Prove the quotient rule AF(”

G(n)G(n+1)
F(n) _ F(n41) F(n) _ Fn+1)G(n)—F(n)G(n+l) _ F(n+1)G(n)—F(n)G(n)+F(n)G(n)—F(n)G(n41)
We calculate Az = Gnt1) "G — G(n+1)G(n) - G(n+1)G(n) ’

where we add and subtract F(n)G(n) in the numerator. Now, we note that F(n +
1)G(n)—F(n)G(n) = (AF(n))G(n) and F(n)G(n)—F(n)G(n+1) = —(—F(n)G(n)+
F(n)G(n+1)) = —F(n)AG(n), so the desired result follows.

3. Use the FTDC to compute ZZ 10 (Z)

4
We will first prove that A(5) ( ) (found Vla side calculation, or inspired guess). We
calculate A(}) = Aié = (F)AL = L5t = = (7).

NOW we rewrite to use difference calculus noting that 10 < ¢ < 21: ZZ " (Z) =

4
2 (1)di. Applying FTDC we get (1)|7, = (%) — (1Y) = 20349 — 252 = 20097.

4. Use the FTDC to find, with proof, a formula for the sum of the first k fifth powers.
Simplify for 1 point of extra credit.
We seek YF i = S35, Now we apply exercise 1.25, which says that i =
Z?:o{?}ﬂ = {53+ {3+ {52+ {32+ {5312+ {2}® = 024 i1+ 15:2+25i34+ 1042+ 142
(using the table of Stirling numbers from the back).
Hence 35 567 = SO 1604+ 150242508 + 104 + 16207 = 132+ 503+ 244 4245+ 16",
Now, 31245134 214 +2. 13+ 216 = 0+0—|—O+0+O =0, so in fact this becomes
sk+12+5(k+1)34+2(k+1)2+2(k+1)3+ ;(k+1)%

6 5 4_op2 k2(k+1)2(2k2+2k—1
ARSH12K5 L10RA—2k2 o (oo B2 (R )2 (2k2+ )

You can simplify this as o b

Fun fact: in the 17th century, Johann Faulhaber proved this equals

3_ 2
“T“, where

a = Zf 11 = k(kﬂ) Further, he proved that if you replace the exponent 5 with any
odd exponent 2m + 1, the sum Z i*™+1 is a nice function of this same a.

5. Use the FTDC to compute L
1

(n—2)(n—1)n(n+1) "
We seek Zn 5 =By (m 1)n(n+1) to then take the limit as N — oo. Now, D DD
(n — 3)=2, which has anti-difference 3! (n — 3)=2. Applying the FTDC, we get = (n —

’NH 1: %I(N — 21);3+ %(2);3 As N — oo, the first term goes to zero, leaving
(2>;3 = 3P0 0

l
3



6. Use summation by parts to compute Ziozo n2na.

We seek S 2 n?n3n. Taking F( ) = n? and AG(n) = n3, we compute AF(n) =
2(n+1)! =2(n+1) and G(n) = tn. Using summation by parts we get o n’n36n =

n’ (in4) 31 - 21 1(” + 1)42(n + 1)dn = 124214 ; : (n + 1) (n+ 1)6n = 12214

1§22 nt(n)dn.

224
Turning now to > 2> ni(n)on, we take F(n) = n and AG(n) = n* to do summa-
=1

tion by parts again. We have AF(n) nd G(n) = in?, so 222 n(n)on =

22 22 (n+1)S ¢ 22(22 _22(225) 236
] = X 1 = L0 - S+ 1S 5 a0 O
212214 214 22(228) 936
Putting it all together, we get -5 <T - %>.

This happens to equal 10,849, 608, but you're not expected to calculate that without
any tools.



